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Abstract
In this work we discuss the exact solution to the algebraic equation associated to the Ricci
tensor in the quadratic f(R,Q) extension of Palatini gravity. We show that an exact solution
always exists, and in the general case it can be found by a simple matrix diagonalization.
Furthermore, the general implications of the solution are analysed in detail, including the
generation of an effective cosmological constant, and the recovery of the f(R) and f(Q)
theories as particular cases in their corresponding limit. In addition, it is proposed a power
series expansion of the solution which is successfully applied to the case of the electromagnetic
field. We show that this power series expansion may be useful to deal perturbatively with
some problems in the context of Palatini gravity.
I. INTRODUCTION
Einstein’s theory of general relativity (GR) represents one of the most impressive exercises of
human intellect. It implies a huge conceptual jump with respect to Newtonian gravity in which
the idea of gravitational force is reinterpreted in geometrical terms. The theory has successfully
passed numerous precision experimental tests. Its predictions are in agreement with experiments
in scales that range from millimeters to astronomical units, scales in which weak and strong field
phenomena can be observed[1]. The theory is so successful in those regimes and scales that it
is generally accepted that it should also work at larger and shorter scales, and at weaker and
stronger regimes.
This is, however, forcing us today to draw a picture of the universe that is not yet supported
by other independent observations. For instance, to explain the rotation curves of spiral galaxies,
we must accept the existence of vast amounts of unseen matter surrounding those galaxies. A
similar situation occurs with the analysis of the light emitted by distant type-Ia supernovae and
some properties of the distribution of matter and radiation at large scales. To make sense of those
observations within the framework of GR, we must accept the existence of yet another source
of energy with repulsive gravitational properties[2]. Together those unseen (or dark) sources of
2matter and energy are found to make up to 96% of the total energy of the observable universe!
This huge discrepancy between the gravitationally estimated amounts of matter and energy and
the direct measurements via electromagnetic radiation motivates the search for alternative theories
of gravity which can account for the large scale dynamics and structure without the need for dark
matter and/or dark energy.
The extrapolation of the dynamics of GR to the very strong field regime indicates that
the Universe began at a big bang singularity and that the death of a sufficiently massive star
unavoidably leads to the formation of a black hole singularity. Since singularities generally signal
the breakdown of a theory, it is generally accepted that at high enough energies the dynamics
of GR should be replaced by some improved theory. In this sense, a perturbative approach
to quantum gravity indicates that the Einstein-Hilbert Lagrangian must be supplemented by
quadratic curvature terms to render the theory renormalizable[10, 11]. String theories also regard
GR as the low energy limit of a theory that should pick up increasing corrective terms at high
energies[12]. Loop quantum gravity [13] predicts that the continuum space-time of GR is replaced
by a quantum geometry in which areas and volumes are quantized in bits of an elementary unit
of order the Planck scale. The low energy limit of this theory should also recover the classical
dynamics of GR with corrections signaling the discreteness of the space-time.
The above discussion shows that there are theoretical and phenomenological reasons to explore
the dynamics of alternative theories of gravity, which has led to a burst of activity in the last
years. Among these attempts to go beyond Einstein’s theory, the Palatini (or metric-affine)
approach is particularly promising. By just relaxing the Riemannian condition on the metric,
i.e., by considering that metric and connection are independent fields, one finds a number of new
interesting results and insights, such as new mechanisms to generate an effective cosmological
constant or new topological structures in the interior of black holes. The naturalness of these
results contrasts with the difficulties found within the more standard Riemannian approach of
the original formulation of GR, where the (Levi-Civita) connection is an object derived from the
metric and, therefore, relegated to a secondary role in the structure of the theory.
In the context of the Palatini formalism, there are currently several interesting lines of research.
First we find the so-called f(R) theories, which are constructed using the Ricci scalar R ≡ Rµνgµν
as a basic element of the gravity Lagrangian. These theories have been thoroughly studied in the
3literature [18],[20],[22–24]. The interest on this theories stems from many good reasons. In the
first place, this formalism provides a very elegant way to derive an effective cosmological constant
and, therefore, a novel way to justify the observed cosmic speedup. Sharing the philosophy of
f(R) theories, we also find theories of the form f(Q), where Q ≡ RµνRµν is the square of the
Ricci tensor [21]. A more general framework is achieved in the context of f(R,Q) theories, whose
phenomenology is much richer than that of the simpler f(R) and f(Q) theories individually. In
particular, quadratic extensions of GR of the f(R,Q) type allow to explore the potential effects that
a minimum length (such as the Planck length) could have on relativistic field theories [15], produce
consistent cosmological models that avoid the big bang singularity by means of a cosmic bounce
[27], and modify the internal structure of black holes in such a way that their central singularity
is replaced by a geometric wormhole structure[31, 32] that may be free of curvature divergences.
Similar properties are also found in the so-called Born-Infeld-type gravity theory [40–42] and its
extensions [43–45], which are not of the f(R,Q) form and contain up to quartic powers of the Ricci
tensor.
Indeed, in recent works [35, 40], it has been found that spherically symmetric, electro-
vacuum solutions can be naturally interpreted as geons, i.e., as self-gravitating solutions of the
gravitational-electromagnetic system of equations without sources. This is possible thanks to
the nontrivial topology of the resulting space-time, which through the formation of a wormhole
allows to define electric charges without requiring the explicit existence of point-like sources of
the electric field. In this scenario, massive black holes are almost identical in their macroscopic
properties to those found in GR. However, new relevant structures arise in the lowest band of the
mass and charge spectrum (microscopic regime). In particular, below a certain critical charge
qc = eNc, with Nc =
√
2/αem ≈ 16.55, where αem is the fine structure constant and e the
electron charge, one finds a set of solutions with no event horizon and with smooth curvature
invariants everywhere. Moreover, the mass of these solutions can be exactly identified with the
energy stored in the electric field and their action (evaluated on the solutions) coincides with
that of a massive point-like particle at rest. The topological character of their charge, therefore,
makes these solutions stable against arbitrary perturbations of the metric as long as the topology
does not change. On the other hand, the absence of an event horizon makes these configurations
stable against Hawking decay (regular solutions with an event horizon also exist, though they
are unstable). Furthermore, the mass spectrum of the regular geons, the ones without curvature
divergences at the wormhole throat, can be lowered from the Planck scale down to the Gev
scale, which shows that the Planck scale phenomenology of Palatini gravity can be tested and
4constrained with currently available experiments [37].
The paper is organized as follows. In sec. II we provide a review of f(R,Q) theories paying spe-
cial attention to their algebraic structure. In sec. III we present new methods to deal with f(R,Q)
theories, including the analysis of the general solution of the matrix equation associated to the
Ricci tensor. In particular, we show that this equation always possesses an exact solution that can
be obtained by matrix diagonalization. Furthermore, we show that not only the solution generates
the correct f(R) and f(Q) theories in their respective limits, but does also provide by a direct
computation the effective cosmological constant Λeff , when it is evaluated in vacuum (T
µ
α=0). In
addition, we also develop the power series representation of the solution, which is applied to some
particular models. This power series expansion may be useful to perform perturbative calculations
within the context of quadratic Palatini gravity.
II. PALATINI f(R,Q) THEORIES
Palatini f(R,Q) theories are defined in terms of the general action
S[g,Γ, ψm] =
1
2κ2
∫
d4x
√−gf(R,Q) + Sm[g, ψm] , (1)
where gαβ is the space-time metric, Sm[g, ψm] is the matter action, with the matter fields denoted
collectively by ψm, κ
2 ≡ 8πG, R = gµνRµν is the Ricci scalar, Q = gµαgνβRµνRαβ is the
Ricci-squared scalar, and Rαβµν = ∂µΓ
α
νβ − ∂νΓαµβ + ΓαµλΓλνβ − ΓανλΓλµβ is the Riemann tensor.
The connection Γαβγ has no a priori relation with the metric (Palatini formalism) and must be
determined by the theory through the corresponding field equations. Variation of (1) with respect
to metric and connection[14][15], leads to the field equations
fRR(µν) −
1
2
fgµν + 2fQR(µα)R
α
ν = κ
2Tµν , (2)
∇α
[√−g(fRgβγ + 2fQR(βγ))] = 0 , (3)
where fR ≡ ∂Rf , fQ ≡ ∂Qf and R(µν) denotes de symmetric part of the Ricci tensor. Assuming
vanishing torsion, i.e., Γλ[µν] = 0, the Ricci tensor turns out to be symmetric, i.e., R[µν] = 0. Thus,
in what follows symmetry in the indices of Rµν will be implicitly understood.
5A. Limit to Einstein’s theory
Einstein’s GR is automatically recovered from the previous equations when f(R,Q) = R
(Einstein-Hilbert Lagrangian). Indeed, f(R,Q) = R implies fR = 1, fQ = 0. Substituing these
values in equation 2 we obtain the following result
Rµν − 1
2
Rgµν = κ
2Tµν (4)
which are the famous field equations of GR. On the other hand, equation 3 becomes
∇α
[√−ggβγ ] = 0 , (5)
We can decompose this equation using the product rule
∇α(
√−g)gβγ +√−g(∇αgβγ) = 0 (6)
The explicit expressions for the covariant derivatives of a type (2,0) tensor field gβγ , and of a
tensorial density
√−g are the following
∇αgβγ = ∂αgβγ + Γβραgργ + Γγραgβρ
∇α(
√−g) = ∂α(
√−g)− Γλαλ
√−g (7)
Substituing these results in (6) we obtain
(
∂α(
√−g)− Γλαλ
√−g
)
gβγ +
√−g
(
∂αg
βγ + Γβραg
ργ + Γγραg
βρ
)
= 0 (8)
The derivative of the determinant can be related to the metric tensor by means of the equation
g−1∂αg = g
µν∂αgµν (9)
Using this identity and contracting (8) with gβγ yields
(1
2
gµν∂αgµν − Γλλα
)
4 + gβγ
(
∂αg
βγ + Γβραg
ργ + Γγραg
βρ
)
= 0 (10)
Where gβγg
βγ = 4. The first term can be removed from the equation assuming the relation
1
2g
µν∂αgµν = Γ
λ
λα. Repeating the remaining equation three times with a convenient permutation
of indices, it is easy to obtain the linear combination that solves the equation. This relation turns
out to be the following
Γβρα =
1
2
gβµ (∂αgµρ + ∂ρgµα − ∂µgρα) (11)
6which is the Levi-Civita connection of GR. Then, we have proved that equation (5) admits the
symmetric1 metric-compatible Levi-Civita connection as a solution. Therefore, in the particular
case f(R,Q) = R, we consistently recover Einstein’s theory of gravity.
B. Structure of the Palatini field equations
The general algorithm to attack equations (2,3) was described elsewhere [14] (see also [21] for
f(Q) theories), and consists in several steps. First, we need to find a relation between R(µν) and
the matter sources. Rewritting (2), using P νµ = Rµαg
αν we find
2fQP
α
µ P
ν
α + fRP
ν
µ −
1
2
fδνµ = κ
2T νµ (12)
This can be seen as a matrix equation, which establishes an algebraic relation P νµ = P
ν
µ (T
β
α ).
Once the solution of (12) is known, (3) can be written is terms of gµν and the matter, which
allows to find a solution for the connection by means of algebraic manipulations. In particular, the
strategy consists of transforming equation (3), into something similar to (5), which we have proved
in the previous subsection that admits the Levi-Civita connection as a solution. Then, following
this reasoning, it seems natural to propose the ansatz
√−g
(
fRg
βγ + 2fQR
βγ
)
=
√
−hhβγ (13)
with this ansatz, equation (3) acquires the form ∇α[
√−hhβγ ] = 0, which is formally identical to
(5), and leads to the Levi-Civita connection for the auxiliary metric hβγ . In order to find the
explicit relation between the auxiliary metric hβγ and the physical metric gβγ , we need to compute
the determimant of the left-and the right hand sides of (13),which give h = g det(fRIˆ + 2fQPˆ ).
Once we know the explicit expression for Pˆ we will be able to compute this determinant. In any
case, we have the formal expression [14]
hˆ−1 =
gˆ−1Σˆ√
det Σˆ
(14)
where we have defined the matrix
Σαν = fRδ
α
ν + 2fQR
α
ν (15)
Taking the inverse of the matrix (14), we find hˆ = (
√
det Σˆ)Σˆ−1gˆ.
1 Recall that the symmetry of the coefficients of the connection, Γβρα = Γ
β
αρ is equivalent to set the torsion to zero
7In order to better understand the dynamics of the theory, it is convenient to employ the relation
(14) to obtain a compact form for the field equation (2). Indeed, substituing 2fQR
α
ν = Σ
α
ν − fRδαν
in (2) we find
RµαΣ
α
ν =
f
2
gµν + κ
2Tµν (16)
The contraction of this equation with gνλ gives
RµαΣ
α
ν g
νλ =
f
2
δλµ + κ
2T λµ (17)
Making use of the nonconformal relation between both metrics (14), it is easy to see that
Σαν g
νλ = hαλ
√
det Σˆ. This provides,
Rµαh
αλ =
1√
det Σˆ
(f
2
δλµ + κ
2T λµ
)
(18)
Finally, taking into account the contraction Rµαh
αλ = Rλµ(h) we arrive to the compact expression
for the field equations
Rλµ(h) =
1√
det Σˆ
(f
2
δλµ + κ
2T λµ
)
(19)
III. ANALYTIC SOLUTION FOR Pˆ (Tˆ ). GENERATION OF AN EFFECTIVE
COSMOLOGICAL CONSTANT
It is worth noting that an explicit analytic solution for Eq. (12) can be found with the help of
linear algebra, in particular matrix algebra. Indeed, given a quadratic matrix equation
AˆXˆ2 + BˆXˆ + Cˆ = 0 (20)
A general analytic solution only exists if the matrix coefficients satisfy the conditions: Aˆ = Iˆ,
[Bˆ, Cˆ] = 0 and Bˆ2 − 4Cˆ has a square root. If these conditions are satisfied, the solution is given
by the following expression [17]
Xˆ = −1
2
Bˆ +
1
2
√
Bˆ2 − 4Cˆ (21)
Rewriting Eq. (12) in matrix form we obtain
Pˆ 2 +
fR
2fQ
Pˆ − 1
2fQ
(f
2
Iˆ + κ2Tˆ
)
= 0 (22)
The comparison with Eq.(20) allows us to establish the following identification
Aˆ ≡ Iˆ Bˆ ≡ fR
2fQ
Iˆ Cˆ ≡ − 1
2fQ
(f
2
Iˆ − κ2Tˆ
)
(23)
8Then, the first two conditions are automatically satisfied, and only the third one needs a detailed
analysis. In our case, Bˆ2 − 4Cˆ = αIˆ + βTˆ , where the coefficients α, β are functions that depend
on the gravity Lagrangian f(R,Q), and are given by
α =
1
4
(
f2R + 4fQf
)
(24)
β = 2κ2fQ (25)
Therefore, if the matrix αIˆ + βTˆ has a square root, an explicit solution will always exist. In
particular, if Tˆ is a diagonal matrix, the linear combination αIˆ + βTˆ will be a diagonal matrix
as well, and the square root of a diagonal matrix can be easily computed. However, if Tˆ is not
diagonal, the problem is reduced to the task of diagonalizing the matrix αIˆ + βTˆ . Note that the
matrix αIˆ + βTˆ is symmetric, and we know that a symmetric matrix is always diagonalizable. We
can therefore conclude that the matrix equation (22) always admits an exact solution, and it is
given by (fQ 6= 0)
Pˆ (Tˆ ) = − 1
4fQ
(
fRIˆ − 2
√
αIˆ + βTˆ
)
(26)
On the other hand, using this solution we can write the explicit algebraic equation for Σˆ purely in
terms of the metric and the matter sources
Σˆ(Tˆ ) ≡ fRIˆ + 2fQPˆ = fR
2
Iˆ +
√
αIˆ + βTˆ (27)
It is worth noting that (26) in vacuum (Tαβ = 0) boils down to the equations of GR with the
possibility of an effective cosmological constant (depending on the form of the Lagrangian). Indeed,
to see how this interesting fact emerges directly from our solution, we only have to set Tˆ to zero
P νµ = −
1
4fQ
(
fRδ
ν
µ − 2
√
αδνµ + βT
ν
µ
)
= − fR
4fQ
(
1− 2
fR
√
α
)
δνµ = −
fR
4fQ
(
1−
√
1 +
4fQf
f2R
)
δνµ ≡ Λ(R,Q)δνµ
(28)
where
Λ(R,Q) = − fR
4fQ
(
1−
√
1 +
4fQf
f2R
)
(29)
9Agrees with the result obtained in Ref. [15]. This equation can be employed to compute the traces
R0 ≡ Pµµ |vac= 4Λ(R0, Q0) and Q0 = P βµ Pµβ |vac= 4Λ(R0, Q0)2, which lead to the standard relation
Q0 = R
2
0/4 of de Sitter spacetime. For the quadratic models f(R,Q) = R + aR
2/Rp +Q/Rp, for
instance, one can also take the trace of (2) to find that R0 = 0, from which Q0 = R
2
0/4 = 0 follows.
For a generic f(R,Q) model, using equation (27) in vacuum one finds that Σνµ = (fR/2 +
√
α)δνµ,
where fR/2 +
√
α = fR
(
1 +
√
1 +
4fQf
f2
R
)
/2 ≡ a(R0).
Therefore, in vacuum (19) can be written as Rνµ(h) = R
ν
µ(g) = Λeff δ
ν
µ, with Λeff =
f(R0, Q0)/2a(R0)
2, which shows that the field equations coincide with those of GR with an ef-
fective cosmological constant.
A. Limit to f(R) and f(Q) theories
In order to prove that the analytic solution (26) is consistent with the previous results obtained
in the literature, we should recover the main aspects of f(R) and f(Q) theories taking the corre-
sponding limit directly from this general solution. For the f(R) case the consistency conditions
for the coefficients are: fQ = 0, β ≡ 2κ2fQ = 0, α ≡ 1/4(f2R + 4fQf) = f2R/4. However, a direct
substituion in (26) will give a divergent result due to the fact that the solution is only defined for
fQ 6= 0. To avoid this problem, in this particular case it is convenient to make use in first place
of the auxiliary matrix Σˆ defined in the field equation associated to the independent connection,
with the aim of removing the factors fQ.
Indeed, taking into account the definition of the matrix Σνµ given in (15) we find
Σνµ ≡ fRδνµ+2fQP νµ = fRδνµ+2fQ
(
− fR
4fQ
δνµ +
1
2fQ
√
αδνµ + βT
ν
µ
)
= fRδ
ν
µ −
fR
2
δνµ+
fR
2
δνµ = fRδ
ν
µ
(30)
Therefore, det Σˆ = det(IˆfR) = (fR)
4, and the relation between the auxiliary metric hµν and gµν in
equation (14), becomes a conformal relation
hαν =
gαµΣνµ√
det Σˆ
=
fRg
αν√
(fR)4
=
gαν
fR
(31)
Hence, the full f(R) theory studied in [14] is recovered as a particular case of our analysis.
Regarding the Ricci squared Lagrangians, i.e. f(Q) theories, the consistency condition is fR = 0,
and the coefficients simplify in the form: β = 2κ2fQ, α = fQf .
In these conditions the solution (26) will acquire the following structure, for fQ 6= 0
10
P νµ = −
fR
4fQ
δνµ +
1
2fQ
√
αδνµ + βT
ν
µ =
1
2fQ
√
fQfδνµ + 2κ
2fQT νµ =
√
f
4fQ
δνµ +
κ2
2fQ
T νµ (32)
This result is in agreement with the theory developed in Ref. [21] for Ricci squared Lagrangians.
In vacuum (T νµ = 0), the latter equation turns out to be
P νµ =
1
2
√
f
fQ
δνµ ≡ Λ(Q)δνµ (33)
Which can also be obtained from the general form of Λ(R,Q) (see Eq.(15)) in the limit fR → 0.
For f(Q) Lagrangians equation (27) collapses to Σνµ =
√
αδνµ, with
√
α =
√
fQf for fR = 0.
Finally, substituing this result in equation (19) we find that Rµν (h) = Λeffδ
µ
ν , where Λeff =
f/2α = 1/(2fQ) evaluated at Q0. The theory will therefore provide a positive cosmological constant
(consistent with current astrophysical observations) only when fQ > 0, a condition that must fulfill
all the admissible models.
B. Solving for a diagonal matrix. The perfect fluid
The problem that we have presented here seems to be mathematically well established. When
αIˆ+βTˆ is diagonal the solution (26) will come from a direct computation. It is easy to understand
that αIˆ + βTˆ will be diagonal if Tˆ is also a diagonal matrix. However, if Tˆ is a non-diagonal
matrix such as the case of the electromagnetic field, we will need to find a way of diagonalyzing
the matrix. For this purpose, an explicit decomposition in terms of eigenvectors will turn out to
be more suitable. In this section, we will illustrate the utility of the solution given in (26), which
in the case of a diagonal Tˆ , provides a compact result in few steps. In a next subsection we will
treat in detail the case of the electromagnetic field from the point of view of their eigenvectors.
The energy-momentum tensor of a perfect fluid can be written as
Tαβ = (p+ ρ)uαuβ + pgαβ (34)
Where p is the pressure of the fluid and ρ its density. Making explicit the matrix representation
Tˆ =


−ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p


(35)
11
αIˆ + βTˆ =


α− βρ 0 0 0
0 α+ βp 0 0
0 0 α+ βp 0
0 0 0 α+ βp


(36)
which is a diagonal matrix, and therefore computing its square root will be automatic
√
αIˆ + βTˆ =

√α− βρ −→0−→
0 (
√
α+ βp)Iˆ3x3

 (37)
In the last expression, it was selected the positive sign of the square roots of the coefficients in
order to be consistent with the limit fQ → 0. These results allow us to write the matrices Pˆ , Σˆ for
the perfect fluid as
Pˆ = − 1
4fQ
(
fRIˆ − 2
√
αIˆ + βTˆ
)
=

Ω −→0−→
0 ωIˆ3x3

 (38)
Σˆ =
fR
2
Iˆ +
√
αIˆ + βTˆ =

2ΩfQ + fR −→0−→
0 (2ωfQ + fR) Iˆ3x3

 (39)
where
Ω =
2
√
α− βρ− fR
4fQ
(40)
ω =
2
√
α+ βp − fR
4fQ
(41)
We should point out that these results are in agreement with those obtained elsewhere [14][27, 29]
for the perfect fluid, but the method described here provides a powerful and direct computation of
the matrix Pˆ (Tˆ ), a calculation that in some particular cases may be almost automatic.
C. An eigenvector approach for a general non-null electromagnetic field
It is important to investigate what form will acquire the solution for Pµα in the case of a non-
diagonal energy-momentum tensor. For instance, this is the case of the electromagnetic field, whose
12
energy-momentum tensor is given by the standard relation in terms of the Faraday field strength
Fµν and the metric gµν
Tµν = FµαF
α
ν −
1
4
gµνF
αβFαβ (42)
Nevertheless, it is more convenient to tackle this problem transforming the last expression into other
more adequate, taking an alternative path which will allow us to rewrite the energy-momentum
tensor in terms of more suitable mathematical objects. This will be provided by the detailed study
of the eigenvector problem of the Faraday tensor. For an eigenvector σµ of the Faraday tensor, we
refer to an algebraic object that satisfies the equation
F ab σ
b = λσa (43)
Due to the skewsymmetric nature of the Faraday tensor, Fµν = −F νµ, this automatically implies
that
F abσaσb = λσ
bσb = 0 (44)
The mathematical objects that satisfy this condition are known as null eigenvectors of the
Faraday tensor. It can be demonstrated that all eigenvector of F ab is an eigenvector of T ab as well
Tαµ σ
µ =
(
FµβF
βα − φ
4
δαµ
)
σµ =
(
λ2 − φ
4
)
σα ≡ Ωσα (45)
where φ ≡ FµνFµν . A decomposition of the Faraday tensor in terms of their two real eigenvectors
can be found elsewhere [25][26] and it is given by
Fµν = λ
(
σµην − σνηµ
)
− τǫµναβσαηβ (46)
where λ,τ are real eigenvalues (which depend on φ), of the Faraday tensor.
Although in general a 4x4 matrix will have four independent eigenvectors, there are only two
real eigenvectors ηµ, σµ, associated to the type A Faraday tensor discussed in [25] ( other types
yield to a radiative E-M tensor which is not a subject of interest here). The other two eigenvectors
for this type are purely imaginary and it is not necessary to include them in the decomposition.
In order to build an energy-momentum tensor explicitly in terms of the eigenvectors, one path is
13
the direct substitution of equation (46) in (42). However, it exists a more economical manner to
compute the energy-momentum tensor. Indeed, the first piece of the energy-momentum tensor is
the object FµαF
α
ν , which for symmetry reasons, in terms of the eigenvectors ηµ, σν , can only have
the following structure
FµαF
α
ν = C
(
ηµσν + σνηµ
)
(47)
In order to determine the constant C, we compute the trace gµνFµαF
α
ν ≡ φ, and given the fact
[25] that we can choose the eigenvectors satisfying the condition ηµσ
µ = 1, we obtain C = φ/2.
With this result, the final expression for the stress-energy tensor of the electromagnetic field in
terms of the two null real eigenvectors will be
Tµν =
φ
2
(
ηµσν + σµην − 1
2
gµν
)
(48)
Which agrees with the result obtained in Ref.[25]. It is worth noting that this decomposition
provides gµνTµν = 0, in accordance with the traceless nature of the stress-energy tensor of the
electromagnetic field. At this point, we have collected all the elements required to investigate the
exact form of the solution Pαµ applied to this particular problem. As in the case of the perfect
fluid, we first compute the Matrix αIˆ + βTˆ , of the radicand of (26)
αδνµ + βT
ν
µ =
(
α− βφ
4
)
δνµ +
βφ
2
(
ηµσ
ν + σµη
ν
)
≡ Mˆ2 (49)
And taking the following ansatz
Mνµ ≡ Aδνµ + B
(
ηµσ
ν + σµη
ν
)
(50)
This will allow us to evaluate the square Mˆ2 of this matrix in a transparent way in order to
obtain the relation between the coefficients (A,B) and (α, β)
Mˆ2 ≡MαµMµβ =
(
Aδαµ+B (ηµσα + σµηα)
)(
Aδµβ + B (ηβσµ + σβηµ)
)
= A2δαβ+
(
2AB + B2) (ηβσα+σβηα)
(51)
Comparing this result with equation (49) we can establish the identification
α− βφ
4
= A2 (52)
14
βφ
2
= 2AB + B2 (53)
The sum of the two equations provides, B2 + 2AB + A2 −
(
α+
βφ
4
)
= 0, this is a quadratic
equation which possesses the following solutions
B(α, β) = −A(α, β) ±
√
A(α, β)2 −A(α, β)2 + α+ βφ
4
= ∓
√
α− βφ
4
±
√
α+
βφ
4
(54)
With all these results, the matrix Pµν for the electromagnetic field will acquire the compact expres-
sion
Pˆ = − 1
4fQ
(
fRIˆ − 2
√
αIˆ + βTˆ
)
= − 1
4fQ
(
fRIˆ − 2Mˆ
)
= − 1
4fQ
[(
fR−2A
)
δµν−2B
(
ηνσ
µ+σνη
µ
)]
(55)
Where the functions A(α, β, φ), B(α, β, φ), are given by the relations deduced in equations (52-54).
We have therefore been able to compute an exact solution for the Pˆ matrix in the case of the
electromagnetic field. It is important to note that this solution is completely general,neither the
particular model of f(R,Q) nor the specific structure of the electromagnetic field itself have been
specified. It seems reasonable to expect that for specific scenarios such as spherically symmetric
electromagnetic fields the analysis will turn out to be more economical. In the nex subsection
of this work we will explore a power series expansion of the solution for the particular model
f(R,Q) = R+ 1Rp (R
2 +Q), which is also studied for the case of the electromagnetic field.
D. The power series expansion
In this section we want to explore the perturbative expansion of the solution given in (26).
It is interesting to note that this solution admits a natural power series representation. Indeed,
rewriting equation (26) we find, for α > 0
Pˆ (Tˆ ) = − fR
4fQ
Iˆ +
√
α
2fQ
(
Iˆ +
β
α
Tˆ
)1/2
= − fR
4fQ
Iˆ +
√
α
2fQ
∞∑
k=0
(
1/2
k
) (β
α
)k
Tˆ k (56)
It is clear that for β >> α the series will be divergent. However, for β << α the solution may
be approximated by
Pˆ (Tˆ ) ≃ − fR
4fQ
Iˆ +
√
α
2fQ
(
Iˆ +
β
2α
Tˆ
)
(57)
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The validity of this first order aproximation will depend on the particular model chosen. If we
take for instance the quadratic model f(R,Q) = R+ 1Rp (R
2+Q), where Rp = 1/l
2
p with lp ∼ 10−35m
the Planck length, one realizes that a priori the power series representation does not seem adequate
to treat this problem, due to the fact that for this particular model, β = 2κ2/Rp ∼ 1/ρp, where
ρp ∼ 1091g/cm3, while α = 1/4(f2R + 4fQf) in general also includes terms of order 1/Rp. However
an interesting feature of this family of models is that the relation between the traces is R = −κ2T
exactly the same expression as in GR [14].This means that, if we deal with a traceless energy
momentum tensor as the electromagnetic field, the coefficient α will be simplified and some of the
problematic terms that avoid the series expansion for this family of models will be removed from
the analysis. For the electromagnetic field, T = 0 implies that R = 0,fR = 1, fQ = 1/Rp. A direct
computation of the coefficients provides, α = 1/4(1+Q/R2p), β = 2κ
2/Rp = 2/ρp. This means that
α does not include terms of order 1/Rp, leaving open the possibility of perform a series expansion.
For this purpose, let us rearranging coefficients in order to better understand the relevant terms
involved
Pˆ (Tˆ ) = − 1
4fQ
(
fRIˆ − 2
√
αIˆ + βTˆ
)
= −Rp
4
(
Iˆ −
√
Iˆ +
1
ρp
(
4Q
κ2Rp
Iˆ + 8Tˆ
))
= −Rp
4
(
Iˆ −
√
Iˆ +
1
ρp
Xˆ
)
(58)
where we have defined the matrix
Xˆ ≡ 4Q
κ2Rp
Iˆ + 8Tˆ (59)
Now we can expand the solution in powers of 1/ρp
Pˆ = −Rp
4
(
Iˆ −
(
Iˆ +
1
2ρp
Xˆ − 1
8ρ2p
Xˆ2 + ...
))
(60)
Our main interest focuses on the first order contribution, so neglecting terms that go as O
(
1
ρ2p
)
,
we find
Pˆ
Rp
≃ 1
8
Xˆ
ρp
≃ 1
8
(
4Q
κ4ρ2p
Iˆ +
8
ρp
Tˆ
)
≃ Tˆ
ρp
(61)
which leads to Σˆ ≡ fRIˆ + 2fQPˆ ≃ Iˆ + 2Tˆ
ρp
. With these results, the relation between gµν and the
auxiliary metric hµν , for the electromagnetic field will be
hµν ≃ 1
Ω
(
gµν +
2
ρp
T µν
)
(62)
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Where we have defined
Ω ≡
√
det
(
Iˆ +
2
ρp
Tˆ
)
(63)
The results of equations (62-63) clearly show how the local densities of energy and momentum of
the electromagnetic field perturb the metric. If ρEM/ρp ≪ 1, then Ω ≃ 1, which implies hµν ≃ gµν ,
the connection turns out to be the Levi-Civita connection and therefore the geometry is essentially
the same as in GR. However, when ρEM/ρp is not so small, we expect a significant departure from
GR. The peturbation of the metric due to the local densities of energy and momentum of very
intense light beams in the early universe, may lead to quantum gravity effects that will be explored
elsewhere.
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